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How to recognize convexity of a set from its marginals 

Alessio Figalli and David Jerison 


Abstract 

We investigate the regularity of the marginals onto hyperplanes for sets of finite perimeter. 
We prove, in particular, that if a set of finite perimeter has log-concave marginals onto a.e. 
hyperplane then the set is convex. 


1 Introduction 

Given E C M n a Borel set, it is well-known that if E is convex then its marginals onto any 
hyperplane are log-concave. More precisely, let us denote by 1 e the characteristic function of E 
(that is 1 e(x) = 1 if x € E, 1 e(x) = 0 if x ^ E), and for any direction e e let ir e : M n —>• e- 1 
denote the orthogonal projection onto the hyperplane e 1 - := {x € R n : e ■ x = 0}. If we define 

w e : e^~ —> M, w e (x) := / 1e(x + te) dt, 

Jr 

then w e is of the form e -V for some convex function V : ~ M n_1 ->MU {+oo}. Actually, by 

the Brunn-Minkowski inequality, an even stronger result is true, namely We^ n ^ is concave. (We 
refer to [5] for more details.) 

The aim of this paper is to show that, under rather weak regularity assumptions on E, the 
converse of this result is true: if a set has log-concave marginals onto a.e. hyperplane e- 1 - then it 
is convex. Actually, we will prove a stronger result: we will not assume that the marginals are 
log-concave, but only that they have convex support and are uniformly Lipschitz strictly inside 
their support. 


To state our result, let us introduce some notation. For any direction e, we define the set 
A e := {iCe > 0} C eA (Notice that if w e is log-concave then A e is convex.) Also, for any 5 > 0 
we set Ag := {x € A e : dist(x,cb4 e ) > A}. We recall that a set E is of finite perimeter if the 
distributional derivative VIe of 1e is a finite measure, that is 



< oo. 


Also, we use T~L k to denote the A;-dimensional Hausdorff measure. Here is our main result: 


Theorem 1.1. Let E C W 1 be a bounded set of finite perimeter and assume that A e is convex for 
H n ~ 1 -a.e. e € § n_1 . Suppose further that w e is locally Lipschitz inside A e for -a.e. e e 
and the following uniform bound holds: for any 5 > 0 there exists a constant C$ such that 

|Vu>e| < C s a.e. inside A s e , for LC 1 ^ 1 -a.e. e £ 


Then E is convex (up to a set of measure zero). 
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Notice that, since log-concave functions are uniformly Lipschitz in the interior of their support, 
our assumption is weaker than asking that w e is log-concave for TL n ~ 1 -&.e. e € § n_1 . Hence our 
theorem implies the following: 

Corollary 1.2. Let E C M ra be a bounded set of finite perimeter and assume that, for 'H n ~ 1 -a.e. 
e € § n_1 , w e is log-concave. Then E is convex (up to a set of measure zero). 

In light of the fact that marginals of log-concave functions are log-concave (see for instance 
{51 Section 11]), one may wonder if the corollary above may be generalized to functions, that is, 
whether the fact that p : R n —>• [0, +oo) has log-concave marginals implies that p is log-concave. 
Unfortunately this stronger result is false. To see this, consider p := 1^ — £'(/b where if : R n —>• R 
is a smooth radial non-negative function supported in a small neighborhood of the origin. Since 
the marginals of 1 are positive and uniformly log-concave near the origin, it is easy to see that 
the marginals of <p are log-concave for £ > 0 sufficiently small, but of course <p is not log-concave. 


The assumption that E is of finite perimeter is technical, and we expect the result to be true 
without this assumption. However, finite perimeter plays an important role in the proof, which 
is based on measuring the perimeter using a fractional Sobolev norm of a smoothing of 1 e- To 
formulate that result, we introduce some further notations. 

For notational convenience, we will say that a < b if there exists a dimensional constant C such 
that a < Cb, and a ~ b if a < b and b < a. 

Consider the 1/2 Sobolev norm, defined by 


12 

l/H/2 


/ / 

JR™ JR r 


I u(x) - u(y)\‘ 
\x - y\ n+1 


dy dx 


( 1 . 1 ) 


This norm can be used to measure the perimeter as follows: 


Theorem 1.3. Let E C B\ C M n have finite perimeter. Let be the standard Gaussian in M n , 
7 n,s{x) := —'y n (x/£), and ip e := 1 E * 7 n,e- Then 

1 i r 

limsup —- -A\We\? H i /2 - liminf-:- :\\p>ef H i /2 - / |V1 E | 

e—>0 | log £| " | log £\ u J R n 

i.e., the ratios of these quantities are bounded above and below by positive dimensional constants. 


We have not investigated the connection, if any, between our norm and the notion of fractional 
perimeter introduced in |3] and whose relationship to the classical perimeter can be found in IMJ. 
Our norm is somewhat different in the spirit. On the one hand, as our norm is quadratic, the anal¬ 
ysis performed in IS co does not apply in our situation. On the other hand, the Hilbert structure 
allows us to exploit Fourier transform techniques. 


As we shall see, Theorem o in n dimensions follows easily from the case n = 2. In two 
dimensions the result says if almost every marginal is supported on an interval and is uniformly 
Lipschitz in its interior, then the set is convex up to set of measure zero. The strategy of the proof is 
the following. Consider E C M 2 . Given 6 £ [0,vr], set wg := w eg where eg = (cos(0), sin(0)). If E is 
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Figure 1.1: If E is a smooth non-convex set, for a.e. 9 the marginal wg has infinite derivative at some 
interior point. However, it is easy to check that this argument fails when E is not smooth (consider for 
instance a disk with a small square removed from its interior). Still, we can show that some suitable integral 
quantity has to blow-up. 


smoothly bounded, but not convex, then one expects that for some direction 8, the derivative of the 
marginal wg is infinite at some interior point of (the convex hull of) its support (see Figure [ITTIl . 
For domains that merely have finite perimeter, the quantity that diverges is, roughly speaking, 
a suitable localized version of f f \w' e (t)\ 2 dtd0. We make this quantitative by considering the 
mollification ip £ of 1 e- 

More precisely, given a bounded set of finite perimeter E, and cp £ as in Theorem 11.31 above, we 
show that 

\Ws\\ 2 h i /2 < | lo g(e)| as e —» 0, 
and a localized version of Theorem 11.31 saying that 


1 

log(e)| 


I <Pe(x) - <Pe(y)\' 


‘ B r (x o) jB r (x o) 


\x - y\ 


n+1 


dy dx 


( 1 . 2 ) 


controls from above the perimeter of E inside B r / 2 (a;o) as £ —>• 0. 

We then focus on the case n = 2 and, by use of the Fourier transform, show that O) is 
majorized by 

H l ( [ [ 'il’{t) 2 \w' e *-f h£ \ 2 (t)dtd8, (1.3) 

I log(e)| Jo Jr 

where ij} : K —>• M is a suitable smooth cut-off function. Now, under our assumption on wg, the fact 
that | log s\ —» 00 as £ —>• 0 shows that the measures 

\\og{e)\ ^ W ' 6 * 11 ^ 2< ^ >dtde 


concentrate on the union over 8 of the boundaries of the support of wg (which correspond to 
the boundary of the support of the projections of the convex hull of E). If E is not convex, it 
is not difficult to see that this information is incompatible with the fact that the expression in 
m controls from above the perimeter of E at every point (in particular, at points on the re¬ 
duced boundary of E which are inside the support of the convex hull), proving the result. Once 
the theorem is proved in two dimensions, the higher dimensional case follows by a slicing argument. 


The paper is organized as follows. In Section [2] we prove Theorem II .31 and a local version, valid 
in all dimensions, showing that (11.21) controls the perimeter. Then, in Section [3] we majorize (1121) 
by (11.31) in dimension 2. Finally, in Section [4] we prove Theorem ll.il 
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2 A Hilbert norm for sets of finite perimeter 


In this section we prove Theorem 11.31 This argument is valid in any dimension. Let us recall that 
u € BV(M. n ) if its distributional derivative Vu is a finite measure, and 

\\u\\ BV = [ |Vu| = |Vu|(R”). 

JR U 

Given a set E of finite perimeter, there is a suitable notion of boundary, called the reduced boundary 
and denoted by d*E, such that the following is true: 


|vi E | = n n -\d*E) 1 


and for any x € d*E the following hold: 

r 1 (9Tn5 r (i))~r’ 1_1 as r —>• 0 (2.1) 

and there exists a unit vector z/(x) (called inner measure theoretical normal to E at x) such that 
1 


I B, 


\lE(x + y)-lR+(v(x)-y)\dy->-0 as r ->■ 0 


( 2 . 2 ) 


r\ J B r 


Furthermore, v is a measurable function of a: € d*E. (We refer to [2J Sections 3.3 and 3.5] or [5, 
Chapters 12 and 15] for more details.) 

Lemma 2.1. Let u E Hy(M n ) be supported in the unit ball B\. Assume |w| < 1, and set u e := 
u * 7 n ,e- Then there is a dimensional constant C such that 

\\u e \\ 2 h i /2 < Cl log(e)| / |Vu|, 0 < e < 1/2 


Proof. We begin by showing that 


u. 


'£ UH 1 / 2 — 


< C 


poo p 

/ / \dtut{ 

Je J R n 


dxdt , u t = u* r y n t- 


(2.3) 


Indeed, recall that 


\u, 


eWH 1 / 2 


= c 


[ ^ 11 ^( 01 ' 

Jl" 


df 


Furthermore, 


dtue+ti0 = d t {e^ t+ ^ 2 )u(0 = -2(t + em 2 e-^ +2£t ^ 2 u e ^), 


thus, using the fact that the Fourier transform is an isometry in L 2 , up to a multiplicative constant 
we get 


poo p poo p 

/ / \d t u t \ 2 dxdt= / / {t + ef\^e- 2 d 2+2et ^\ 2 \u £ (£)\ 2 dfdt. 

Je J R n Jo Js. n 
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Moreover. 


poo poo r£ 

/ (t + ef\i\ l e-^+ 2 ^it> t 2 |f|V 8,a|£|! *+ / e 2 |f| 4 e- 8 '«l a dt 

= r» 2 t{ iv 8 “ a ^+ r 2|5l \ 2 i{i 4 e - 8 ” 2 *• 

ielfl |£| J 0 


4 ICI 

>ciei 




(If e'ICI < 1) the first integral majorizes |£|, and if ej£| > 1 , then the second integral majorizes |£|.) 
Therefore, (12.31) follows. 

Next, using the formula above for dtui+t(£) (i. e., e = 1) and integrating over t € [l,oo), we 
have, up to a multiplicative constant, 

POO P P POO 

/ / \d t u t \ 2 dxdt= / / (t + l) 2 |^| 4 e- 2 (t 2 + 2 ')l€l 2 dt\M0\ 2 ^ 

J 2 JR n JR n J 1 

/ OO POO 

(t + l) 2 |£| 4 e - 2 h 2+2t)| £ |2 dt < J 4t 2 |^| 4 e _t2|€|2 dt = c|£|. 


and 


Thus, we have 

POO P 

/ / |5t«t | 2 dx dt < C\\u * 7 n,i ||^ 1/ 2 < C||w|||i < C'||it||x,i 

J2 JR 21 

for some dimensional constant C (since u is bounded by 1 and supported in the unit ball). Finally, 
again using that u is supported in the unit ball, the Sobolev inequality for BV functions |21 Chapter 
3.4] implies 

POO P P 

/ / \dtUt\ 2 dx dt < C / |Vu|. (2.4) 

J 2 Js. n J R" 

We turn next to the integral from e to 2. Recall that since j n ,t(x) := ^ 7 n (x/t), the time derivative 
of ut can be written as 

dtUt(x) = dt J u(x — tz)'Yn(z) dz = — J Vu(i — tz) ■ z^ n [z) dz 

It follows from Fubini’s theorem that 

f \d t ut\dx <C f |Vti| 

J R n JR n 


We can also write 


d t ut{x) = d t J u(x - z )^l dz = “J J u(x - z) 

= -j f u(x - tz)[n'y n (z) + Vj n (z) ■ z] dz 


n ln ( 7 ) + V 7 „( - 1 • - 


z \ z 


dz 


from which, along with |tt| < 1 , we get 


ll^illoo < 


C 





Thus 


(2.5) 


[ \d t u t \ 2 dx < 7 - / |Vu| 

J R" t J«. n 


Combining (12.31) . (12.41) . and (12.51) . we conclude that 


L, ||2 < 


< 


' dx dt 


r 00 r 

/ / |W 

ii" 

C+ [ -dt) f |V«| < C\ logs | / |Vu|, 
Je t J J'SX J M" 


0 < e < 1/2, 


as desired. 

We now show that the norm controls the perimeter locally. 

Lemma 2.2. Let E be a set of finite perimeter and let xq £ d*E. For r$ > 0, 

hm inf 1 f f I dx dy > U n ~ x {B g 0 ) <~l d*E). 

e ^0 |log(e)| J Bro{xo )J Bro (x 0 ) \x- y\ n+1 

Proof. For x € d*E define 


D k (x) := sup 


1 


j>k \B 2 -j\ JB 2 —j 


|1 E(x + y) - 1r+(K®) • y )| dy , 


Let 5 > 0 be a small dimensional constant (to be fixed later). Let 

Fm = {X £ d*E : D m {x) < 5}. 


□ 


Then 


Fm C F m+ 1 and [J F m = d*E 

m 


by (12.21) . Furthermore, F m is measurable because v is measurable. Therefore, we can choose m 
sufficiently large that 


u n -\B ro/2 (x 0 ) n Fm) > l -n n -\B r o/2 (xo) n <9*£) 

Let p = 2 _m , and suppose that < p/100. Fix r £ (100e, y/e). By a standard covering argument^ 
there are N = N r disjoint balls B r (xj ), j = 1,... ,N r , such that Xj € F m D B ro / 2 (x o), and 


^Vr >w n-1 (5 ro/2 (s 0 )n5*f;)/r n - 1 

1 If {B r (xj)}i<j<N r is a maximal disjoint family of balls with Xj G Fm fl B ro / 2 (xo), then Ui<j<Ar r B$r{xj) covers 
F m fl B ro/2 (*o), and by the definition of W n_1 (see [2] Section 2.8] or [6] Chapter 3]) we get 

N r 

H n -\F m FB ro/2 {x 0 )) < U ^(3r) n - 1 = C , n3 n_1 JV P r n-1 , 

3=1 


where C n > 0 is a dimensional constant. 
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We now want to estimate from below 


,y&Br Q (x 0 ),r/A<\x—y\<r/2 \ x V\ 


\We(x) ~ <Pe(y)\‘ 


dx dy. 


Since the balls B r (xj) are disjoint we have 

\We{x) - if £ (y)\ 2 
\x - y\ n+1 


L 


dx dy 


x,y&Br 0 (xo),r/4<\x—y\<r/2 

N r 


dx 


L 


=1 J B r / 2 (xj)n{v(x j )-(x-xj)>r/10} J B T / 2 (xj)n{v(xj)-(y-Xj)<-r/lO}n{r/l<\x-y\<r/2} 


dy 


I <Pe(x) - <Pe(y) I s 

\x — y\ n+1 


Because inside B r / 2 (xj) the set E is very close in L 1 to the hyperplane {v(xj) ■ (x — Xj) > 0} 
(since D m (xj) < 6) and r > lOOe, we deduce that, provided <5 is chosen sufficiently small (the 
smallness depending only on the dimension), |</? £ (x) — ip £ (y)\ > 1 on a substantial fraction of the 
latter integrals. Thus, since \x — y\ < r/2 and both x and y vary inside some sets whose measure 
is of order r n , we get 


N 

E 


dx 


L 


dy 


\y e (x) - tp e (y) I s 


\x ~ y | 


j = l jB r / 2 (xj)r{v(xj)r{x-Xj)>r/10} JB r/2 (xj)n{v(xj)n(y-Xj)<-r/10} 

>N r v n - 1 >n n - 1 (B ro/2 (x 0 )nd*E) 

Thus, we proved that for any r € (lOOe, y/e) 

I <Pe(x) ~ <Pe(y) I 2 j.. ^ „,n-l, D 

ill dx dy ^ H (-£? ro /2 (*^o) ^ 

'x,y£B rQ (xo),r/4<\x-y\<r/2 \ x ~ 2/| 


n +1 


L 


Hence, choosing r = 4 k and letting k vary between l\ := |_— log 4 (\/i)J + 1 and t 2 := |_— log 4 (100e)J, 
for e sufficiently small we get 


/ / 

J BrryiX o) J £ 


r Q {xo) J B T q(xq^ 


\<p e (x) - ip £ (y) I 2 
\x — y\ n+l 


e-2 


dxdy> ^2 \ 

k=h Jx 

(£2-e 

\log(£)\'H n ~ 1 (B ro/ 2 (x 0 )nd*E) 


\y £ {x) - (p £ (y)\' 


k=f 1 Jx,y£Br 0 (xo), 4 _fc /4<|x— y\<4~ k /2 \ x y\ 

>(h-h)n n - 1 (B ro/ 2 (x 0 )nd*E) 

n —1 


n+1 


dx dy 


> 


as desired. 


□ 


Proof of Theorem 1 1. A The upper bound in Theorem 11.31 follows from Lemma 12.11 and the lower 
bound follows from Lemma 12.21 letting xq = 0, ro = 4. □ 


3 The H 1 / 2 norm expressed in terms of the marginals 

Here we prove the well known fact that the iL 1//2 (M 2 ) norm of a function is equal (up to constants) 
to the average of the H 1 (M 2 ) norm of its marginals, and then we prove a localized version of this 
identity. The arguments in this section are specific to the case n = 2. 
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Given a smooth rapidly decaying function ip : M 2 —>• R, for any 6 € [0,7r] we define the marginal 


wg(t) := [ <p(Ro(t,s))ds, (3.1) 

Jr 

where Rg : K 2 —> M 2 denotes the counterclockwise rotation by an angle d around the origin. 

3.1 A global identity 

We claim that the norm 

[ [ \w' e \ 2 (t) dt dd 

Jo Jr 

is equivalent to the H 1 ^ 2 norm of ip. 

To prove this, we first compute the Fourier transform of wg. We denote by eg := Rge\ = 
(cos 9, sin 9). Then 

wg(r) := f wg(t)e ltr dt = f <p(Rg(t, s))e ltT dt ds 

Jr Jr 2 

= [ <p(Rgx)e iTei x dx = f <p{x)e^ Te ^ x dx = <p(Te g ), 

Jr 2 Jr 2 

where (by abuse of notation) we used w and <p to denote respectively the Fourier transform on M 
and on M 2 . 

Thanks to the formula above and the fact that the Fourier transform is an isometry in L 2 , we 
get (up to a multiplicative constant) 

/*7T /* M T p p7T p 

/ / \ w 'e\ 2 (t)dtdd= / / \r\ 2 \wg\ 2 (T) dr dd = / / |r| 2 |<^| 2 (reg) dr dd. 

Jo J 0 J M J 0 

It is now easy to check that the last integral is simply an integration in polar coordinates, so by 
setting £ := re™ (so that |r| = |£| and = |r| dr dd) we get 

[ [ \w' e \ 2 (t)dtd0 = j |£| |<£| 2 (£)(i£ = c f f dydx (3.2) 

Jo Jr Jr 2 Jr 2 Jr 2 I* t — V\ 

for some dimensional constant c > 0, which proves the claim. 

3.2 A localized identity 

Let ip : R —>• M be a smooth compactly supported function. By the properties of the Fourier 
transform we have 


[ m 2 We\‘ 

Jr 


(t) dtdd = 


7 / 


ip{r — a)aip(aeg) da 


dr dd. 


2 



We now notice that, since ip(se g ) = J r2 <p{x)e lsee ' x dx, 


[ 

it 


r — a)a(p{ae g ) da 



tp(T — a)atp(x)e l<jee ' x ^{T — v)v(p(y)e lvee ' v da dv dx dy 
(p(x)<p(y) j £{r — a)ae~ meB ' x da J £>{r — v)ve~ lvee 'y dvdxdy 


ip(x)ip(y)[eg ■ V x ] / £(t — a)e me<9 ' x da[e g ■ V y ] / £(r — v)e lvee 'ydvdxdy 


(3.3) 


Jk 

ip{x)<p(y)[eg ■ V x ][e e • V y ]^(ee ■ x)^(e e • y)e~ lre9 ^ x ~ v) ^j dxdy. 

Hence, integrating this expression with respect to r and 9 we get 

f f ip(t) 2 \w g \ 2 (t) dtdO 

Jo Jr 

=£££ ip(x)ip(y)[e e • V x ][eg • V y ](i>(eg ■ x)^(e g ■ y)5(e g ■ (x - y))^j dxdydO. 

We now claim that 

/ I f $(x)[e e -'V x ][e e -'V y \(£j(e e -x)'iJj(e e -y)6(e e -(x-y))')dxdyd9 = 0 (3.4) 

t/0 J R 2 J R 2 

for any smooth rapidly decaying function 4>. Indeed, the integral above is equal to the limit of 

£f( 4>(x’)[e 0 • V x ][e e • V y ](^(e e ■ x)ip(e g ■ y)5(e g ■ (x - y))') dxdydO 

as R —>• oo, and the latter integral is equal to 

~[ [ [e<j ■ V x $>(x)][4>(e g ■ x) [ ^{e g -y)5{e g -{x-y))v dBR {y)-e g dU 1 {y)]dxd9. 

Jo Jr 2 V JdB R J 

Next, we have the majorization 


ip(e g ■y)v QBR {y) ■ e g 


< for R > 1 

lb 


(since i/j is compactly supported, so | VdB R (y) • e g \ < C/R on the support of i/j(e g -y)). Furthermore, 
for each 9, ip(e g ■ y) is supported on portion of the circle dB B of length 0(1). Thus the integral is 
0(1/ R), and the claim follows. 

By exchanging the roles of x and y, we deduce that (13.41) holds also if we replace <f>(x) by < h(y). 
Hence, by (13.41) applied with <f>(x) = ip(x) 2 and <b(y) = <p(y) 2 we deduce that the expression (13.31) 
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is equal to 


/o Jr 2 . 

Jr 2 J 
+ 

J 

+ 


2 W(x) - <p(y)\ 2 [e e ■ V x ][ee • V y \(^(eg ■ x)ip(eg ■ y)6(e e • (x - y))^j dxdydO 
W(x) ~ <P(y) I 2 J {^( e e • x)ijj(eg ■ y)5"(e e ■ (x - y))') dOdxdy 

} f \<p(x) - ip(y )| 2 f ■ x)ip(e e ■ y) + V>( e e ■ x)ij)'(eg ■ y)\ 5'(e e ■ (x - y))^j dOdxdy 

} f W(x) - <p(y) | 2 f (ip'(eg ■ x)ip'(eg ■ y)$(eg • (x - y))\ dOdxdy. 

^ J M 2 J 0 


We now observe that, by the chain-rule, 


S'(eg ■ (x - y)) = 


d e 5(e e ■ (x - y)) 


£g -(y-x) 


S"(e e ■ (x - „)) = ^ ' (I + 


d e 5(e e ■ (x - y)) 


(eg ' (V ~ ®))' 2 ( e e ' (y - x)) (eg ■ (y - x ))' 

Hence, if we integrate by parts in 0 so that no derivatives fall onto 5 (eg ■ (x — y))> we get that there 
is only one term with (eg ■ (x —y)) 2 , and all the others are smooth functions of 6 in a neighborhood 
of the support of 5 (eg ■ (x — y )) multiplied at most by (e# • (x — y)) * , namely 

ip{eg ■ x)ip(eg ■ y) 


[ee • V x ] [e e ■ V y ] ( ip(e e ■ x)ip(e e ■ y)6(eg ■ (x - y ))) dO = 


o (eg-(x-y)) 2 
^{0,x,y) 


+ 


/o ( e e ■ (x - y)) 


5(e e ■ (x - y)) dO 
5 (eg ■ (x - y)) dO , 


where, for any x ^ y, ^(0,x, y) is a smooth function of 0 when eg is almost orthogonal to (x — y) 
(that is, near the support of <J(eg • (x — y))). Hence, since 5(eg ■ (x — y)) is a distribution which is 
homogeneous of degree —1, we deduce that 


r '&{0,x, y) 

/o (ee • (x - y)) 


5(eg ■ (x - y)) dO 


< 


C 


\x - y \ 2 ’ 


and we obtain 


2 r ^( e e ’ • T )V , ( e e • y) 


f ip(t) 2 \w' e \ 2 (t) dtdd 

Jr 

/ / \<p(x) - v(y)\ . 

m 2 Jr 2 Jo (eg ■ (x - y) j 

+ [ [ W(x)-y(y)\ 2 0(\x-y\~ 2 )dxdy. 

Jr 2 Jr 2 


5(eg ■ (x - y)) dO 
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We now observe that, being the expression inside the first integral positive, it decreases if we localize 
it with a cut-off function x{ x )x(y)- I n particular, if the support of x( x )x(y) is contained inside the 
one of tp(eg ■ x)ip(eg ■ y ) for any 9 € [0,7r], sinccH 



1 

(ee • (x- y)) 2 


5(e e ■ (x - y)) d9 


c 

x — y\ 3 ’ 


c > 0, 


we get 


f f il)(t) 2 \w' e \ 2 (t) dtdO > c f f 

Jo Jr Jr 2 Jr : 


I <p(x) - <p(y)\‘ 


-C 


/ / 

Jr 2 Jr 


\x-y\ 3 

I <p(x) - <p(y) | 

2 \x — y\ 2 


x( x )x(y) dx dy 


■ dx dy 


(3.5) 


for any y : M n —>• [0,1] whose support is contained inside the one of ip(eg ■ x) for any 9 € [0,7r]. 


4 Proof of Theorem 11.11 

We first prove the result when n = 2. 

Let <p £ := 1 e * 72 , e, and let wg and wg i£ denote respectively the marginals of 1# and of cp £ (see 
(ED)- Because Gaussian densities tensorizes, it is immediate to check that they commute with 
marginals, so the following identity holds: 


wg. £ = wg * 7i, e . 


By (13.21) and Lemma 1271 we see that 


1 

log(e)| 



\w'g :£ \ 2 (t)dt d9 


c 

log(e)| 


\<Pe(x) - <Pe(y) I 2 

\x - y I 3 


dx dy < C, 


so the measures 

v £ (dt , d9) 


I l°g( e )l 


dtd9 , 


y £ (dx,dy) 


l |y e (x) - y e (y)\ 2 
l°g(e)| \x-y\ 3 


dx dy 


are equibounded and they weakly converge (up to a subsequence) to measures u(dt, d9) and 
y(dx,dy). 

Since - > 0 as e —>• 0, it follows that the measure y is concentrated on the diagonal 

i x = y}- 

Concerning u, let us denote by ( ag,bg ) the interval {wg > 0}, and observe that, thanks to our 
assumption, there exists a constant C$ > 0 such that \w' e £ \ < C$ inside [ag + 5,bg — 5] for all 6 > 0, 
uniformly in e and 9. Hence, by integrating v £ against a test function f(9,t) which is zero in a 
neighborhood of 

S := U { a 0 ’bg} x {0} C M x [0,7r] 

0G[O,7r] 

2 One way to prove this identity is to observe that JJ 1 ^-y)) 2 ^ ’ (* — 3/)) is homogeneous of degree —3 

in x — y, it is invariant under rotations, and it is positive on positive functions. 
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and letting e —>• 0 we get 


f(t, 0) v(dt , dO) = 0, 


and by the arbitrariness of / we deduce that v is concentrated on S. 

We now make the following observation: in (|3.5I) we have related the local H 1 / 2 norm of ip e to 
another norm which depends only on the marginals of ip e . The key fact is that the choice of the 
origin is completely arbitrary. So, we argue as follows. 

Replace E by E^ l \ the set of its density one points, i.e., 


E (1) := 


x € 


r : lim |gn 3; (x)l = 1 


r —>0 


I Br¬ 


and define C as the convex hull of E^ l \ If E W is not convex, then we can find a point xo £ d*E\dC 
which belongs to the interior of C. Let us fix a system of coordinates to that xq is the origin. With 
this choice, for any 0 £ [0,7r] the set (ag, bg) = {we > 0} coincides with the projection of C onto the 
line in the direction of eg, and because xq belongs to the interior of C there exists a small constant 
p > 0 such that 

[~p,p\ C (a e ,b e ) V0£[O,7t]. 

Let us take a cut-off function ip(t) supported inside [—p,p\, and then choose a cut-off function 
0< X < 1 such that the support of x( x )x{y) is contained inside the one of i/j(eg ■ x)ijj(eg ■ y ) for any 
6 £ [0, 7r] , and x = 1 inside B ro (x o) for some small r^. Then, since u is concentrated on S, by (13.51) 
applied to wg >e and ip £ , Lemma [2721 (12.11) . and the fact that p, is concentrated on {x = y}, we get 


0= f ( 'i/j(t) 2 i , (dt 1 d9) 

Jo Jr 


> lim inf 


I log(e)| J B r Jx 0 ) J BrJx 0 ) \x-y I 




C 


! f 

Jr 2 Jr- 


I <Pe{x) - ip £ (y) I 2 


I l°g( £ )l Jm 2 Jr 2 \x-y \ 2 

1 — C / / \x - y\p(dx,dy) = r 7 ^ 1 > 0 

Jr 2 Jr 2 


dx dy 


a contradiction which concludes the proof in the two dimensional case. 


For the general case we argue as follows: let n C K" be a two dimensional plane passing through 
the origin, and for any e £ D n consider the projection of E onto the hyperplane e^. 

Thanks to our assumption, if we slice E with some translate ir v := n + v (v £ M n ) of n, by the 
slicing formula (see for instance [6, Theorem 18.11 and Remark 18.13]) the set E D 7r„ C n v ~ M 2 is 
a bounded set of finite perimeter for 'H n - a.e. v £ M n . In addition, E D tt v satisfies the assumptions 
of our theorem with n = 2. Hence, by what we proved above, E D tt v coincides with a convex set 
up to a set of ^-measure zero. 

We now show that E^ is convex. Fix x, y € E W and t £ (0,1), and pick a plane 7r such that 
x — y £ 7T. By the discussion above we deduce that, for J~L n - a.e. v £ B r (y), 

E n 7r„ is equal to a convex set up to a set of "H 2 -measure zero. 
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Hence, by Fubini’s Theorem we obtain the following: for TP 1 - a.e. v E B r (y), for Ti 2 -a.e. 2 E 
B r {y ) n F (1 (£ - (x - y)) n 7r„, the set 

[z, z + (x — y)] n E is equal to a segment up to a set of "^-measure zero 

(here we use [z,z + (x — y)\ to denote the segment from z to z + (x — y)). From this fact and 
Fubini’s theorem (again), it follows that 


TT 1 (([z, z -\- (x — y)\(l B r (tx + (1 —t)y)^) \E) = 0 for Ti n -a.o. z E B r (y) fl E n (E — (x — y)). 

(4.1) 

Since both x, y E E^ we see that 


lim inf IBrMngnjE-(,-,))! a , _ lim |B..fa)\E| _ lim IflrWXfil _ , 


r —>0 


B r 


r —>6 B r 


r—> 6 Br 


so it follows easily from (EH) that 


Hm \B r {tx + (1 - t)y) \ E\ = Q 
r— >-0 I B r I 


proving that tx + (1 — t)y E E^. By the arbitrariness of x,y,t we deduce that E^ is convex, 
concluding the proof. 
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